Abstract A graph property is any class of graphs that is closed under isomorphisms. A graph property P is hereditary if it is closed under taking subgraphs; it is compositive if for any graphs G 1 , G 2 ∈ P there exists a graph G ∈ P containing both G 1 and G 2 as subgraphs.
Introduction
Factorizations of graphs and properties of graphs were first considered through investigations of colorings of graphs. Many researchers, in different branches of mathematics, have studied extensions of this topic such as H-coloring (to be homomorphic to a graph H), (P 1 , . . . , P n )-coloring and joins in lattices of graph properties [1] [2] [3] [4] . All these concepts are related to partitioning problems. The class of n-colorable graphs can be viewed as the class of those graphs G for which there exists a partition of its vertex set into sets V 1 , . . . , V n , so that each induced subgraph G [V i ] is an edgeless graph. Allowing other possibilities than edgeless graphs, say having a graph G[V i ] with property P i , we obtain the definition of the class of (P 1 , . . . , P n )-colorable graphs. On the other hand, restricting requirements in the definition of n-colorability by requiring that edges between parts V i and V j are forbidden in G for some listed pairs of indices from the set {1, . . . , n}, we obtain the definition of H-colorability (to be homomorphic to the graph H). In this case H is a graph with vertex set {1, . . . , n} satisfying that i and j are non-adjacent in H if and only if edges between V i and V j are forbidden.
In this paper we put together these generalizations of n-colorings and we investigate the classes of graphs which have the special partitions which are described below.
A graph property P is any non-empty isomorphic closed subclass of the class of all finite non-isomorphic graphs having at least one vertex I. The set I is called a trivial graph property. A graph property P is hereditary if it is closed under taking subgraphs, P is additive if for any two graphs G 1 , G 2 ∈ P the (disjoint) union of G 1 and G 2 is also in P and P is compositive if for any two graphs G 1 , G 2 ∈ P there exists a graph in P containing both G 1 and G 2 as subgraphs. Note that every additive graph property is compositive. We denote the class of all hereditary graph properties and all hereditary and compositive graph properties by L and L c respectively. For instance, the graph properties Let n ≥ 2 and let H be a graph with vertex set {v 1 , . . . , v n }. Let P 1 , . . . , P n be graph properties, that is, classes of graphs closed under isomorphisms. We define a graph property P to be H-factorizable over a class of graph properties P, if there exist properties P 1 , . . . , P n ∈ P such that P consists of all the graphs whose vertex sets can be partitioned into n parts, possibly empty, such that
